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 Shakedown & Limit Analyses for 3-D Structures Using the Linear Matching 
Method 
 
H. Chen and Alan R.S. Ponter  
Department of Engineering, University of Leicester, Leicester, LE1 7RH, UK 
 
Abstract: A recently developed method for three dimensional shakedown & limit analyses is 
evaluated in the present paper. The shakedown and limit loads of a holed plate subjected to biaxial 
loading are calculated by implementing the upper bound linear matching method into the 
commercial FE code ABAQUS. A defective pipeline und er the combined action of internal pressure 
and axial tension is also analys ed for both shakedown and limit capacities and the results compared 
with a standard programming method. All the numerical examples confirm the applicability of this  
procedure to complex three dimensional structures. 
 
Keywords: plasticity, limit loads, shakedown, programming  
1. Introduction 
When a structure is under the action of cyclic mechanical and thermal loading, a particular kind 
of failure would be caused by an unlimited accumulation of plastic strains during the loading 
process, leading to either incremental collapse or alternating plasticity. If, on the contrary, after 
some time plastic strains cease to develop further and the structure responds purely elastically to the 
applied variable loads, one says that the structure shakes down and is safe. Therefore, the prediction 
of shakedown or collapse of structures with variable repeated loading is very useful and has 
attracted the attentions of many researchers[1-20]. 
Direct shakedown analysis is an alternative to step-by-step methods, particularly when only the 
extremes of the loading history are known. This is where shakedown theory can simplify matters a 
great deal. The theory uses simple material models, i.e. the material is assumed to be elastic-
perfectly plastic, and the load domain containing all possible load paths is considered, thus 
eliminating the need to know a precise load path and material model [3]. The plastic limit load can 
also be obtained by shakedown analysis as a special case. The plastic limit load, which determines 
the carrying capacity of structures, is an important parameter in performing two-criteria failure 
assessment of structural integrity. A knowledge of limit loads of mechanical components and 
structures is useful to the designer, since it addresses the modes of failure associated with load-
controlled effects. In Nuclear Electric 's (formerly CEGB) R5 and R6 procedures [8,9], the J and 
C* parameters are calculated by the referenc e stress method (RSM) which depends on the 
evaluation of  limit loads of structures.  
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With the progress in the finite element tech nique and mathematical optimization theory,  
simplified analysis methods for the shakedown and limit analyses have developed rapidly, such as 
GLOSS r-node method of Seshadri and Mangalarama nan [10-11], the elastic compensation method 
of Mackenzie and Boyle[12-13], the thermoparame ter method[14] and math ematical programming 
methods, etc.[15-20]. These simplified methods are not conc erned with the detailed loading process 
and hence overcome the difficulties of step-by-step elastic-plastic analysis.  
However, although the numerical difficulties in  both lower and upper bounds analysis have 
been overcome by above mentioned investigators, methods for shakedown have been mainly 
presented for simple loading and 2-D structures, and the shakedown limit analysis involving  
complex loading systems for complicated 3-D structures need further study and development.  
Ponter, Fuschi and Engelhardt [5-7] describe the implementa tion of a non-linear programming 
technique into the commercial FE code ABAQUS based on an upper bound method which has 
developed out of the Elastic Compensation method. The shakedown problem is solved by 
sequentially matching a linear rate problem to the plasticity problem. A sequence of linear solutions 
with a spatially varying moduli are produced that generate upper bounds which monotonically 
reduce to converge to a least upper bound associated with the class of displacement fields 
considered by the finite element approximation. An  initial implementation of the technique was 
demonstrated by Ponter and Carter[3-4], who also provided a formal proof for the monotonic 
reduction of the upper bound exists. The method has subsequently been simplified and generalised 
by Ponter and Engelhardt [6]. In the present pape r, a recently developed code for three dimensional 
shakedown & limit analyses is eval uated in detail. The stress field is a sum of the linear solution, 
associated with the load history, and a constant residual stress field. The load history is applied 
through the linear solutions and the solved continuum solution, at each iteration, delivers a residual 
stress field instead of a stress field in equilibrium with an applied load. This strategy simplifies the 
implementation as well as being more flexible  when defining load histories. The numerical 
examples in the paper confirm the applicabil ity of the developed three dimensional code. 
 
2. Numerical procedure and code implementation 
The material considered is isotropic, elastic-perfectly plastic and satisfies the Von Mises yield 
condition. The problem consists a three dimensional body V with boundary S, which experiences a 
history of cyclic load ),( txP jiλ  on TS  and a temperature ),( tx jλθ  within V. λ  is a load parameter. 
The displacement rate 0=iu&  is applied on uS . Both TS  and uS  are parts of boundary S. The linear 
solution to the problem is denoted by ijσλ ˆ . In this formulation the parameter λ may be regarded as 
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a factor of safety associated with an assumed history of loading and temperature corresponding to 
1=λ . 
 
The shakedown problem may, however, be formulated in a variety of ways and a number of 
examples have been given by Ponter and Engelh ardt [6]. This includes a case where a high 
temperature creep stress is optimised for a problem that arises in the application of the R5 method. 
Essentially, if the upper bound shakedown theore m may be expressed in terms of a single 
parameter on either a component of the loading history or a defined aspect of the yield strength 
distribution, a convergent method may be derived using the general methodology described by 
Ponter, Fuschi and Engelhardt [5] for limit an alysis and by Ponter and Engelhardt [6] for 
shakedown analysis.  
The method is expressed in terms of an incomp ressible and kinematically admissible strain rate 
history cijε& , which need not be compatible but associated with a compatible strain increment cijεΔ  
such that 
c
ij
t
c
ij dt εε Δ=∫Δ
0
&      (1) 
which in turn is associated with the corresponding displacement increment field 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
Δ∂+∂
Δ∂=Δ
i
c
j
j
c
ic
ij x
u
x
u
2
1ε  (2) 
In terms of the load history described above the upper bound shakedown limit is given by 
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where cijσ  is the stress at yield associated with cijε&  and ijσˆ  is the linear solution associated with the 
load history. sUB λλ ≥  is an upper bound to the shakedown load parameter sλ . Combining the 
associated flow rule, equation (3) can be simplified as  
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where ijijεεε &&& 32=   is the effective strain rate.  
The general programming method described by Ponter and Engelhardt  [6] consists of defining a 
sequence of linear problems where the linear coefficients are chosen so they match the yield 
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condition. A single step begins with a kinematically admissible history of plastic strain rate iijε& , in 
terms of which the following linear problem is posed for a new history fijε& ; 
)ˆ(
1 ′+=′ fijijiubfij ρσλμε& ,  0=
f
kkε& , and iyε
σμ &=  (5) 
subject to the condition that fijε& is also a kinematically admissible strain rate history and fijρ  is a 
constant equilibrium residual stress field. The equation for μ  comes from matching the linear 
material to the perfectly plastic material so that they both give the same effective stress 
corresponding to iijε& . Here ′fijε& refers to the deviator component of fijε&  and this notation is used 
throughout. Note that iUBλλ = , the upper bound (4) corresponding to iijε& .  Integration of (5) over the 
cycle produces the following equation relating 
′Δ fijε  and ′fijρ , 
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The solution to this incompressible linear problem yields an new upper bound fUBλ by substituting 
f
ijε& into (4) which satisfies [6], 
i
ij
f
ij λλ ≤  (8) 
with equality if and only if iij
f
ij εε && ≡ . Hence the repeated application of this algorithm produces a 
monotonically reducing sequence of upper bounds which converges to a minimum upper bound. If 
the linear problems are solved using a finite element method then the sequence converges to the 
least upper bound associated with the finite element mesh [6]. In this, very general, statement of the 
method the solution appears to be an intrinsic property of the entire elastic stress history ijσˆ . There 
are, of course, problems where this is the case and transient thermal loading and dynamic loading 
provide such examples. As we see below, for most  conventional design problems this is not the case 
and the method becomes significantly simplified. 
 
For a strictly convex yield condition, which incl udes the Von Mises yield condition in deviatoric 
stress space, for histories of load that describe straight line paths between vertices ))(),(( nn ttP θ , 
n=1 to r, in a load space, the elastic stress simila rly describe a sequence of straight line paths in 
stress space. The only instants when plastic strains can then occur are at the vertices of the stress 
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history, )(ˆ nij tσ , n=1 to r. The strain rate history then becomes the sum of increments of plastic 
strain: 
∑
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So the linear problem for a new kinematically admissible strain rate fijεΔ  and a time constant 
residual stress field ijρ  can be defined by (5) where  
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The shakedown limit then becomes a limit for any history of load that lies within the polygonal path 
described by this load history. A formal proof of this can easily be constructed.  
 
A very significant advantage of the method comes from the ability to use standard commercial 
finite element codes which have the facility to allow the user to define the material behaviour. This 
has been done in the code ABAQUS of HKS Lt d using a method devised by Engelhardt [7]. 
Essential, ABAQUS carries out a conventional step by step analysis and, through the use of user 
routines, each increment is reinterpreted in terms of an iteration of the method. 
 
The iteration step in ABAQUS is achieved by  user subroutine UMAT and URDFIL shown as 
follows: 
1. For iteration number  k=1, let extnijnij tt )(ˆ)(ˆ σσ =  for n vertices of the load history and 
11 =μ . The elastic stress solutions extnij t )(σˆ  associated with n vertices of the load history 
need to be generated by solving a linear problem separately for the same mesh. 
 
2. For the ( k+1) iter ation we define:  
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Then we can obtain 1][ +kJ , the Jacobian that relates increments of stress and strain in UMAT, 
from the calculated values of 1+kμ . In order to satisfy the plastic incompressibility condition, the 
Poisson’s ratio must approach 0.5. 
We define ⎟⎟⎠
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The constant residual stress then can be calculated by 
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So the strain rate associated with n vertices of the load history is 
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where [ ] 1+knC is the stiffness matrix derived from 1+knμ . 
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3. From the energy output file of ABAQUS, the volume integration dV
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 is determined. 
 
3. Numerical application for 3-D holed plate under biaxial loading 
3.1 The FEA model and loading history for 3-D holed plate 
Using this shakedown method, calculations are performed for a 3-D holed plate subjected to 
biaxial loading.  The geometry of  the structure and the finite element mesh are shown in Fig.1. The 
20-node solid isoparametric element with reduced integration is adopted. The ratio between the 
diameter of the hole and the length of the plate is 0.2. The ratio between the depth of the plate and 
the length of the plate is 0.05. The yield stress of the material is 360 MPa.  
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The shakedown limit of the holed plate is calculated for four different load histories of biaxial 
loading, Figure 2 and using the mesh shown in Figure 1.  For case a and b, three vertex of the load 
history are included; for case a, (0, 0), (0, 300) and (300, 0)MPa; for case b,  (0, 0), (0,300) and 
(300, 300)MPa. For case c and d, two vertex of the load hi story are included; for case c, (0, 0) and 
(300, 300)MPa; for case d,  (0, 0) and (300, 0)MPa. 
 
3.2 The Results and analyses for 3-D holed plate 
 
The shakedown multipliers kUBλ  are computed to convergence for the holed plate loading 
histories for the structure modelled as a 3-D structure as well as for conditions of both plane stress  
and plane strain, using the equivalent 2-D elements. The comparisons of these results are presented 
in Table 1. It can be seen that the calculated shakedown multipliers for 3-D modelling lies between 
those obtained from plane stress modelling and plane strain modelling. It is certainly expected that 
the plane strain case should give a higher value that the 3-D case as it involves a higher degree of 
kinematic constraint. Similarly, as the plane stress solution places no kinematic constrain on the 
distribution of the through-thickness strains, the limit load should underestimate the 3-D case, as 
observed in these calculations. 
The limit load solutions for monotonic increase of the loads ( )21 , PP  are also calculated. For four 
combinations of applied loads, the comparisons of the limit loads for a holed plate with different FE 
modelling are presented as shown as table 2. It can be seen, again, that the 3-D solution lies 
between the plane stress and plane stain cases. 
Combining the calculated shakedown and limit solutions, we can see that the shakedown load is 
either identical to the limit load at one of the ex tremities of the load history or a lesser value. The 
lesser value corresponds to the reverse plasticity limit. The reason for the latter is due to the 
mechanism involved in the problem. The reverse plasticity mechanism operates at the point of 
stress concentration in the linear solution on either the major or mi nor axis of the holed surface and 
the strain increments is zero everywhere. Hence the strain increments need to sum to zero at the 
stress concentration. It can be shown that this corresponds to the condition that the linear stress 
superimposed on a residual stress field must just lie within the yield surface.  
Fig. 3 shows the typical convergence condition of  iterative processes of shakedown analyses 
for a holed plate under loading path a. With the increase of iterativ e number, the obtained upper 
bound shakedown and limit solutions decrease gradually and converge to a minimum value over the 
order of 40-100 iterations, assuming no change in the 7th significant figure.  
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In all cases for both shakedown and limit analyses, stable convergence was obtained, although 
for cases when a reverse plasticity mechanism operates more iteration steps need to be performed.  
The mesh used in the model is fairly simple, which also induce more iteration steps. The 
convergence condition and the accuracy of the solution can be improved by increasing the number 
of elements. 
 
4. Numerical application for 3-D defective pipeline 
4.1 The FEA model and loading history  
 
This section computes the shakedown and limit loads of a defective pipeline with the yield 
stress of 245 MPa using the proposed methods. The geometry of a defective pipeline subjected 
to internal pressure and axial te nsion is shown in Fig. 4. Here in the calculation the applied total 
axial tension includes the independent axial tension N and the additional axial tension N 1 
induced by internal pressure P, i.e. 21 PN iRπ= , where Ri is the inner radius of pipeline. The 
geometric parameters of a pipeline with slot adopted here are presented in Table 3. The slot 
considered here are small spherical slot, circumferential slot, axial slot and large area slot . 
 
Considering the symmetry, we take a quadrant of defective pipeline to discretize by 3-D 20-
node isoparametric finite elements. The corresponding displacement constraints are imposed on the 
symmetric boundaries.  The finite element arrangements for the pipeline with the slot are shown in 
Fig. 5. For a cylinder with slot, in order to optimi ze the numerical efficiency and accuracy, the finite 
element mesh should be chosen appropriately so as to make the distribution of the elements around 
the slots as even and neat as possible, and more dense than those distributed in other parts of the 
pipeline. Although the shakedown and limit load solutions will be improved by refining the mesh 
through thickness direction, the appropriate number of the element through thickness direction (i.e. 
within the remaining ligament below the slots) would be 2 or 3 for the good accuracy of the 3-D 20-
node isoparametric finite element. In order to reduce the computing scale, two elements through 
wall thickness are adopted. 
The shakedown limit of the defective pipeline is calculated for five different load histories of 
internal pressure and axial tens ion as shown in Figure 6. For case a and b, two vertices of the load 
history (N, P) are incl uded. The adopted two vertices of the load history (N, P) for case a are (0, 0) 
and (400, 0)MPa; for case b, (0, 0) and (0, 100)MPa.  For case c, three vertices of the load history 
are included in the calculation;  (0,0), (400,0) and (0,100)MPa. For case d and e, only one vertex of 
the load history (N, P) is included; for case d, (400,0)MPa, and for case e, (0,100)MPa. The case 
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 d and e are used to calculate the limit load of the defective pipeline subjected to axial tension 
or internal pressure. In our method, the limit analysis is just a sp ecial case of the shakedown 
analyses. 
 
4.2 Results and discussions for a defective pipeline 
 
The 3-D shakedown multipliers λ  are computed for the defective pipeline subjected to axial 
tension and internal pressure with the above five different loading paths. Table 4 shows the 
calculated shakedown limits for the pipeline with a small slot under these five load histories. The 
shakedown limits for a pipeline with other three kinds of slot, including circumferential slot, axial 
slot and large area slot, are given in the Table 5, 6 and 7, respectively. 
  
According to cases of one vertex of the load history d a nd e, the calculated shakedown 
multipliers in both case d and e are identical to limit multiplier. By comparing these limit loads with 
the previous results in [17, 20] by a mathematical  programming method using the identical finite 
element mesh, the applicability of proposed method is verified as follows.  
 
For four kinds of slot, the comparison of the li mit loads for a defective pipeline subjected to 
axial tension with different methods is shown in  Table 8. Table 9 presents the comparison of the 
limit loads for a defective pipeline under the action of internal pressure with different methods. It 
can be seen that the limit load solutions obtained from the proposed method are larger than the 
lower bound from [17], and simultaneously smal ler than upper bound from [17]. As an upper bound 
limit, all the results obtained by the present method are reasonable and have good precision. 
Combining the calculated shakedown and limit solutions, we can see that for a pipeline with 
small or large area slot, a pipeline with circumferential slot subjected to internal pressure, and a 
pipeline with axial slot subjecte d to axial tension, the shakedown loads are identical to the limit 
loads. For a pipeline with circumferential slot subjected to axial tension and a pipeline with axial 
slot subjected to internal pressu re, the shakedown loads are smaller than the limit loads. The reason 
for the latter is due to the mechanism involved in the problem. The reverse plasticity operates at the 
point of stress concentration in the linear solution on either the major or minor axis of the slot 
surface. As the initial load point is at zer o stresses, strains can only be accumulated once yσ  has 
been reached. As the strains need to be equal and opposite for the net strain increment at the end of 
the cycle to be zero, yσ−  has to be reached at the opposite end of the cycle giving a limiting 
boundary of yσ2 . The linear stress superimposed on a residual stress field must lie within this limit.  
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Under the proposed five load histories, all the computations for a defective pipeline have good 
convergence conditions. A typical convergence condition of the iterative process for a pipeline with 
large area slot under case a are shown in Fig. 7. With the increase of iterative number, the obtained 
upper bound shakedown solutions decrease gradually and fully converge to some values finally. 
The Poisson’s Ratio ν  adopted here equals to 0.4999, which has 0.02 % error with 5.0=ν . 
Although this error induces a little lower value of the upper bound solution, the final results are still 
reasonable and applicable to engineering practice. A value of Poi sson’s Ratio too close to 0.5 may 
cause numerical errors.  
 
Normally the number of iteration steps for shakedown analyses is larger than that for limit 
analyses, although it appears that the differences are not obvious in some cases.  The minimum 
iteration step for shakedown analysis is six a nd the maximum iteration step is more than one 
hundred. The discrepancy of the convergence rate is due to the failure mechanism close to the slot. 
The obtained results show that the shakedown analysis with three vertices of load history needs 
more iteration steps. The iterative processes for a pipeline with circumferential slot, and a pipeline 
with axial slot subjected to internal pressure al so have slow convergence. Normally the higher stress 
concentration happens around the slot, the more iteration steps are needed in the numerical process. 
Each iteration of the method corres ponds to a linear solution or, equivalently, to a single increment 
in a step by step method. Hence the evaluation of a shakedown limit by this method is equivalent to 
30 to 100 increments, typical of the calculation required for a limit load using conventional step by 
step solutions. Hence the method provides the opportunity for obtaining shakedown limits for any 
structure for which an elastic solution takes a reasonable amount of computer time.  
 
5.  Conclusions 
 
The paper describes an efficient method for the evaluation of shakedown limits for complex 
structures based upon linear matching method, interpreted as a non-linear programming method for 
which strict convergence proofs exist. The method is a generalisation of the Elastic Compensation 
method. For finite element solutions the method c onverges to the least upper bound associated with 
the finite element mesh. The form of the method allows it to be implemented in conventional 
commercial finite element codes and we describe such an implementation in ABAQUS. This allows 
the method to become a general purpose method which, unlike most programming methods, does 
not requires specialist codes. The rate of convergence of the method is such that a converged 
solution may be obtained as result of the solution of 30 to 100 linear problems. It is therefore quite 
feasible to evaluate shakedown limits alongside linear elastic solutions and to carry out sensitivity 
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analyses. Hence shakedown analysis should not re garded as a specialist method but one which may 
be easily applied.  
 
By calculating the shakedown and limit loads of a 3-D holed plate subjected to biaxial loading 
and a defective pipeline under the combined action of internal pressure and axial tension, the ability 
of the method for 3-D shakedown & limit analyses  is demonstrated. Comparison with another 
programming method confirms the validity of the solutions. 
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Figure Captions 
 
Fig 1 The geometry of the holed plate subjected to biaxial loading and its finite element mesh   
 
Fig. 2 The cyclic loading history for shakedown analyses   
 
Fig. 3. The convergence condition of iterati ve processes for shakedown analysis  
 
Fig.4 The geometry of pipeline with part-through slot subjected to internal pressure and axial tension 
 
Fig.5. The finite element mesh for pipeline with one slot 
 
Fig. 6 The cyclic loading history for shakedown analyses 
 
Fig. 7 The convergence conditions of iterative proce sses for a pipeline with large area slot under 
case a 
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Table 1: the comparison of the shakedown loads for a holed plate subjecte d to biaxial loading  
with different FE modelling 
       The loading 
path 
Plane stress 
modelling (λ ) 
3-D modelling 
(λ ) 
Plane strain modelling 
(λ ) 
Case a 0.590062 0.638217 0.661857 
Case b 0.799254 0.850922 0.896229 
Case c 1.077488 1.083023 1.389757 
Case d 0.799195 0.850212 0.896109 
 
 
 
 
Table 2: the comparison of the limit loads for a holed plate subjected to biaxial loading  
with different FE modelling 
The applied load 
(P 1, P 2)MPa 
Plane stress 
modelling (λ ) 
3-D modelling 
(λ ) 
Plane strain 
modelling (λ ) 
(300, 0) 0.966078 0.988928 1.111484 
(0, 300) 0.966078 0.988928 1.111484 
(300, 300) 1.077488 1.083023 2.207735 
(300, 150) 1.105105 1.132987 1.749615 
 
 
 
 
Table 3. The pipeline shape parameters and dimensions with different defect types 
                                                                                                        (mm)   
Defect type Ri Ro L α A1 A B C 
Small slot 17 21 250 0 2 2 2 2 
Circumferential slot 17 21 250 45
o
 2 2 2 2 
Axial slot 17 21 250 0 2 10 2 2 
Large area slot 17 21 250 45
o 2 10 2 2 
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Table 4: the shakedown limit for a pipeline with small slot under different load histories  
 
The loading path Shakedown multiplierλ Shakedown limit (MPa) for the load domain
Case a 0.6118 (0, 0), (244.7, 0) 
Case b 0.5965 (0, 0), (0, 59.65) 
Case c 0.5104 (0, 0), (204.17, 0), (0, 51.04) 
Case d 0.6118 (244.7, 0) 
Case e 0.5965 (0, 59.65) 
 
 
Table 5: the shakedown limit for a pipeline with circumferential slot  
under different load histories  
 
The loading path Shakedown multiplierλ Shakedown limit (MPa) for the load domain
Case a 0.3521 (0, 0), (140.8, 0) 
Case b 0.5567 (0, 0), (0, 55.67) 
Case c 0.3520 (0, 0), (140.8, 0), (0, 35.2) 
Case d 0.4980 (199.2, 0) 
Case e 0.5567 (0, 55.67) 
 
 
Table 6: the shakedown limit for a pipeline with axial slot under diffe rent load histories  
 
The loading path Shakedown multiplierλ Shakedown limit (MPa) for the load domain
Case a 0.6111 (0, 0), (244.4, 0) 
Case b 0.3342 (0, 0), (0, 33.42) 
Case c 0.3061 (0, 0), (122.4, 0), (0, 30.61) 
Case d 0.6111 (244.4, 0) 
Case e 0.4952 (0, 49.52) 
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Table 7: the shakedown limit for a pipeline with large area slot under different load histories  
 
The loading path Shakedown multiplierλ Shakedown limit (MPa) for the load domain
Case a 0.4581 (0, 0), (183.2, 0) 
Case b 0.3951 (0, 0), (0, 39.51) 
Case c 0.3750 (0, 0), (150.0, 0), (0, 37.50) 
Case d 0.4604 (184.1, 0) 
Case e 0.3970 (0, 39.70) 
 
Table 8: the comparison of the limit loads for a defective pipeline subjected to axial tension (MPa) 
  
Defect type Results via 
present method
Lower bound [16] Upper bound [16] 
Small slot 244.7 240.0 244.8 
Circumferential slot 199.2 185.3 203.0 
Axial slot 244.4 239.1 244.4 
Large area slot 184.1 168.3 185.1 
 
Table 9: the comparison of the limit loads for a defective pipeline subjected to internal pressure 
(MPa) 
  
Defect type Results via 
present method
Lower bound [16] Upper bound [16] 
Small slot 59.65 56.9 59.68 
Circumferential slot 55.67 55.2 57.7 
Axial slot 49.52 46.4 50.8 
Large area slot 39.70 37.2 39.9 
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Fig 1 The geometry of the holed plate subjected to biaxial loading and its finite element mesh 
 
 
 
 
 
 
 
 
(a)                                                                                    (b) 
 
 
 
 
 
 
 
 
 
(c)                                                                          (d) 
 
Fig. 2 The cyclic loading history for shakedown analyses the holed plate 
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Fig. 3. The convergence condition of iterati ve processes for shakedown analysis 
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Fig.4 The geometry of pipeline with  part-through slot subjected to  
internal pressure and axial tension  
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    (a) Small slot                                                     (b) Circumferential slot 
 
        
                           
(c) Axial slot                                                      (d) Large area slot  
 
 
Fig.5. The finite element mesh for pipeline with one slot 
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Fig. 6 The cyclic loading history for shake down analyses for the defective pipeline 
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Fig. 7 The convergence conditions of ite rative processes for a pipeline  
with large area slot under case a 
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